Abstract: Pulsed-field gradient (PFG) diffusion experiments can be used to measure anomalous 
Introduction

23
Anomalous dynamic behavior exists in many polymer or biological systems [1, 2, 3, 4, 5] . These 
27
Watts (KWW) function distribution [6, 7] , and their translational diffusion jump time and jump length 28 could follow power law distributions [2] . Nuclear magnetic resonance (NMR) is one of the important 29 techniques to detect these anomalous dynamic behaviors. For instance, anomalous diffusion can be 30 detected by pulsed-field gradient (PFG) NMR experiments.
31
PFG diffusion NMR [8, 9, 10, 11, 12, 13, 14] has been a powerful tool to measure normal diffusion.
32
The history of using field gradient to measure diffusion can be tracked back to Hahn, who first 33 observed the influence of the molecule diffusion under gradient magnetic field upon echo amplitudes 34 in 1950 [16] . PFG diffusion measurements have broad applications in NMR and magnetic resonance 35 imaging (MRI) [12] [13] [14] [15] . For instance, the water diffusion difference in different part of the brain can 36 be used as an important contrast factor to build imaging of acute stroke [15] . The PFG technique,
37
being an ultra-valuable tool for normal disunion, could play an increasingly important role in 38 monitoring anomalous diffusion occurring in many polymer and biological systems.
39
PFG anomalous diffusion [16, 17, 18, 19, 20, 21, 22] is different from PFG normal diffusion. Unlike 40 normal diffusion, anomalous diffusion has a non-Gaussian probability distribution [2, 23] , and its 41 mean square displacement is not linearly proportional to diffusion time [2] . These non-Gaussian space derivative order β that are related with diffusion jump time and jump length distributions
In PFG experiments, the field gradient pulse results in a time and space dependent magnetic field 
108
Because the NMR signal comes from numerous spins, the percentage of spins with potential infinite
is very small, which can thus be neglected. Additionally, 
116
on an effective phase diffusion process [17] . In the following, the effective phase diffusion equation
117
method [17] will be briefly reintroduced. Additionally, a general solution including the finite gradient
118
pulse width effect will be given that has not been reported in [17] .
119
For simplicity, only the diffusion with symmetric probability distribution is studied here. The 120 self-diffusion process can be described by a random walk, which consists of a sequence of 121 independent random jumps with waiting times
, and corresponding
Based on the random walk, Equation (1) can be 123 rewritten as [17] 
124
[ ] 
125
127
is the wavenumber [12] [13] [14] . In Equation (4), 
130
of the rephasing gradient pulse, so Equation (4) can be further simplified to [17] 131 m m m tot
132
term in Equation (6) 
139
As both the effective phase diffusion and the real spin particle diffusion belong to the same type 140 diffusion, they should obey the same type diffusion equation. The one-dimensional real space 141 diffusion equation based on the fractional derivative is [5, [30] [31] [32] 
143
is the Caputo fractional derivative defined as [5, [30] [31] [32] 144
145
and
is the space fractional derivative [5, [30] [31] [32] 
149 [30] [31] [32] where q is wavenumber,
150
applying Fourier transform
on both sides of Equation (9) gives
152
which is a q space phase diffusion equation. Here, q is the wavenumber dedicated to the above
153
Fourier transform, which differs from the field gradient pulse induced wavenumber
by Equation (5) . When q = 1 ,
in Equation (10) equals the attenuated signal amplitude because
155
in PFG experiments the signal attenuation can be calculated based on Equation (2) as [17] 156 ( )
157
The normalized value of ) 0 ( S equaling 1 will be used and dropped out throughout this paper.
158
Substituting Equation (11) and q = 1 into Equation (10), we get
160
which is the PFG signal attenuation equation.
The solution of Equation (12) will be given in section 2.3 as the same equation will be obtained
162
by the observing the signal intensity at the origin method in the subsequent section. 
167
and the effective phase diffusion constant
is also demonstrated below PGSE 168 pulse sequence.
169 170 171 172
Observing the signal intensity at the origin in real space
173
For a non-diffusing spin, in a rotating frame with angular frequency
, its precession 174 phase can be described as [12] [13] [14] 
176 where ) , ( t z ψ is the precession phase, which is different from the accumulated phase ) (t φ 177 described by (1) . The non-diffusing spin system has a time and space modulated magnetization, 178 which can be described as
180 where ) (t S is the magnetization amplitude which can be referred to as signal intensity, and the
181
( )
is the phase term. For a pulsed gradient spin echo (PGSE) or the pulsed gradient 182 stimulated-echo (PGSTE) experiment with a constant gradient as shown in Figure 1 , the wavenumber
the first dephasing gradient pulse to the end of the last rephrasing gradient pulse. Because of the two 187 counteracting gradient pulses-a dephasing pulse and a rephasing pulse, ) (t K returns to 0 at the end of the rephasing pulse, and the phase of non-diffusing spins will be refocused. Therefore, the signal Equation (14),
. At a random position z , the possibilities of spins
192
diffusing to opposite directions z z Δ ± are equal [25] . The opposite movements yield
, which has no effect on the
, but does make the signal intensity decay by a factor ( )
into diffusion Equation (7), and applying
198
At the origin,
, and
, we thus have
(17)
200
Equation (17) is identical to Equation (12) 
202
This observing signal intensity at the origin method could be understood in another way: if only 203 the signal intensity or amplitude is observed from a selected position at different diffusion time
in a PFG anomalous diffusion experiment, the observed signal intensity or amplitude
205
shall still obey Equation (17) 
Analytical solution by the Adomian decomposition method
210
The same equation as Equation (12) or (17) has been obtained by the fractional integral modified-
211
Bloch equation method. The three different methods get the same PFG signal attenuation equation.
212
Reference [29] has employed the Adomian decomposition method to give a general analytical 213 solution to Equation (12) . In the following, the general solution from the Adomian decomposition 214 will be given in more detail for the cases of normal diffusion and general anomalous diffusion.
First, the signal attenuation equation, Equation (12) or (17) can be used to obtain the PFG signal 217 attenuation expression for normal diffusion, which is a specific case of anomalous diffusion with 
220
where D is the diffusion constant of normal diffusion. The solution of Equation (18) is
222
which is the PFG signal attenuation expression for normal diffusion. The same result as expression 223 (19) has been obtained in [40] . For PGSE or PGSTE experiments, the PFG signal attenuation calculated 224 based on Equation (19) is
, which is a routinely used expression for PFG normal diffusion [12] [13] [14] . equation as Equation (17) and its solution have been obtained by modified-Bloch equation method in 229 [29] . According to [29] , Equations (12) or (17) can be written equivalently as
231
233
Based on the Adomian decomposition method [33] [34] [35] [36] [37] , the solution of Equation (20) is [29] 234
235
where
237 and
238
(22c)
239
In PGSE or PGSTE experiments, the time t can be separated into three periods:
, is used [30] [31] [32] for a free diffusion in a
241
homogeneous sample, we can get the following:
242
(a) PFG signal attenuation under SGP approximation: δ is short enough and the diffusion inside 243 each gradient pulse can be neglected. We get
245
. Equation (23) replicates the SGP 246 approximation result obtained in references [17, 25, 26] .
247
(b) Single pulse attenuation: this is an ideal situation, the first gradient pulse is regular, but the 248 second gradient pulse is infinitely narrow whose purpose is to counteract the first gradient 249 pulse. We get 250 
251 where 
253
Equation (24) is consistent with the results obtained by the modified Bloch equation
254
proposed in [24] 255 (c) General PFG signal attenuation: the PGSE or PGSTE experiment includes three periods:
The integration in Equation (22c) during these 257 three periods is tedious, which can be calculated with computer assistance. Nevertheless,
258
we can get the first and second terms of Equation (22a) as the following:
obtained by the instantaneous signal attenuation method [25] . At small signal attenuation,
. (27) 
273
Equation (27) is the same as that given by the combination of Equations (25a) and (26) , the general anomalous diffusion reduces to space-fractional diffusion.
285
Equation (22) 
295
where (30) can be further written as
, which is a Mittag-Leffler function; when 0 ,
. Hence, we have
Equation (30) can be rewritten in a discrete form as
303
. Based on Equation (32) 
307
[ ]
308
This method is simple, and it has no overflow issue in the calculation.
310 311
Random walk simulation is a powerful numerical method that employs a stochastic jump process to model normal and anomalous diffusion in physics, chemistry, biology and many other disciplines. It can be used to simulate the PFG signal attenuation in mathematically tractable or intractable systems. In this paper, the CTRW simulation method developed in [25] is used to verify
) is produced by computer program.
319
The individual waiting time t Δ and jump length ξ Δ , are given according to [25] by the following 320 expressions: 
324
where t η and z η are scale constants,
are two independent random 325 numbers. The CTRW simulation based on the above waiting time and jump length satisfies the time-
326
space fractional diffusion equation under the diffusive limit, which provides a simple way to simulate 327 anomalous diffusion in various research areas, such as physics, and economics [43] .
328
Although continuous waiting time and jump length are used in the simulation, the accumulating 329 spin phase associated with the diffusion path is recorded in a discrete manner. Such a discrete phase 330 recording manner is convenient and reasonable. The simulation can be viewed as a numerical pulsed-331 field gradient experiment, whose observables such as phase can be observed in a discrete time
332
selected by an experiment observer; the observing or recording manner will not affect the 333 fundamental numerical experiment process, namely the producing of the continuous random walk
). The spin phase was recorded by the 335 lattice model developed in [27, 28] , which has been applied to simulate PFG diffusion in polymer 336 system [46] . The spin phase in the simulation is 337 ( ) ( ) 
344
where walks N is the total number of the walks. The total walks in each simulation are 1,000,000.
Because the CTRW model proposed in [25] is only for subdiffusion, the simulation here is limited 346 to the subdiffusion. Interested readers are referred to references [25, 29, [43] [44] [45] [46] for more detailed 347 information. Diffusion equations:
Solving methods: Fourier transform Substitute
PFG signal attenuation expression by the Adomian decomposition method [29] *:
At small attenuation:
Numerical evaluation by the direct integration method [42] 
Other methods: [17, 25, 26] *The PFG signal attenuation equation and expression obtained in this paper are the same as that obtained
352
by the integral modified-Bloch equation method [29] .
353
This paper uses two different methods to describe PFG anomalous diffusion: the effective phase 354 shift diffusion equation method [17] and the observing the signal intensity at the origin method. The 355 major results in this paper are summarized in Table 1 . The EPSDE method [17] uses an effective phase 356 diffusion process to describe the phase evolution, while the observing the signal intensity at the origin 357 method only monitors the real space signal amplitude change at the origin where the phase of the 358 magnetization keeps constant. Each of these two approaches has its unique advantages. The effective 359 phase shift diffusion equation method can directly obtain the phase distribution, which greatly 360 simplifies the PFG diffusion analyzing [17] ; in contrast, the traditional methods often need to get the 361 real space spin particle probability distribution first, which is then used to obtain the phase 387 the EPSDE method [17] , the instantaneous signal attenuation method [25] , the nGPD method [26] , 388 the method to observe the signal intensity at the origin, and the modified-Bloch equation method 389 [29] . Moreover, Equation (27) ,
can be approximately obtained in this 390 paper, which agrees with that obtained from the instantaneous signal attenuation method [25] . 
398
The numerical evaluation of PFG signal attenuation by Equation (20) 
415
integration method, the Pade approximation method [48] , and the method used in [47] .
417
In the current results, only PFG anomalous diffusion of single quantum coherence is considered.
418
The results here can be easily extended to handle PFG anomalous diffusion of intramolecular 419 multiple quantum coherence (MQC) [26, 38] . As the gradient field induced phase evolution of an n 420 order intramolecular MQC is n times faster than the corresponding single quantum coherence, the 421 PFG signal attenuation of intramolecular MQC is the same as that of single quantum coherence with 422 an effective gradient intensity ng [40] . Therefore, for intramolecular MQC in PGSE or PGSTE 
From Equation (36) , it is obvious that the ) (t a MQC in the MQC equals β n ) (t a . fractional diffusion equation based on the fractional derivative. In general, the two methods used in 430 this paper can be applied to other types of anomalous diffusions such as that described by the time-
431
space diffusion equation based on the fractal derivative [49] , etc. Additionally, only the symmetric 432 anomalous diffusion in homogeneous spin systems is studied here. In real applications, the 433 anomalous diffusion can take place in complicated systems such as inhomogeneous system, 434 restricted geometries [27] , anisotropic system [42] , non-symmetric system, etc. Additonally, the 435 gradient field may be nonlinear [50] . The current methods may face challenges in these complicated 436 situations, which reminds us that much effort is required to the studying of PFG anomalous diffusion.
438
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Appendix A: Definition of the fractional derivative.
440
The definition of the space fractional derivative [5, [30] [31] [32] 
